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1. INTRODUCTION 
Let Tl, T2 be two commuting bounded linear operators on a 
Banach space X. Then for any polynomial P(z, , ZJ we can form the 
operator P(T, , T,). We are concerned with the following problem. 
When is it true that 
MT1 9 T2Jl = @J(~I), dTJ1 (l-1) 
(i.e., that h E u[P( Tl , T,)] if and only if h = P(h, , A,), where & E u( Ti), 
i = 1, 2). It is easy to construct examples which show that (1.1) is not 
true in general, even for self-adjoint operators. For example, let T be 
an operator with spectrum consisting of the segment 0 < h < 1. 
If we set T, = T, Tz = I - T, then a( Tl) = u(TJ = u(T). But 
o(T, + Ts) = ~(1) consists only of the point X = 1. 
In [.5] Brown and Pearcy show that for X a Hilbert space and A, , A, 
arbitrary bounded operators on X, then 
4% 0 4) = 4%) 4%) (14 
( i.e., h E u(A, @ A,) if and only if h = hiA,, hi E a(A& i = 1, 2), 
where A, @ A, is the tensor product of A, and A, acting in the 
product space X @ X. If we set Tl = A, @I, T2 = I @ A, , then 
this is precisely (1.1) for P(z, , z2) = zlzZ . 
In this note we generalize the result of [5] to the case of arbitrary 
polynomials of tensor products of n operators on an arbitrary Banach 
space. 
2. THE MAIN THEOREM 
Let X1 ,..., X,, be Banach spaces and let W be the completion of 
the tensor product X1 @ X, @ *** Q X, with respect to some 
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crossnorm (cf., e.g., [I], [2]). Let Ai be a bounded linear operator 
on Xi, 1 < i < n, and let Ti be the operators on W defined by 
Tl = A, @ I, @ *** @I, (where Ik is the identity operator on X,), 
T? = I1 @ A, @ I3 @ *** I, , and, in general, 
The operators Ti obviously commute, and we have 
u(Ti) = u(h), 1 <i<n. (2.1) 
Let P(z, ,..., z,) be a polynomial in n variables. Then we can form 
the operator P(T, ,..., T,). The problem with which we are concerned 
is how the spectrum of this operator is related to the spectra of the A, . 
The answer is given by 
THEOREM 2.1. The spectrum of P( Tl ,..., T,) consists of those p 
such that p = P(h, ,..., A,), where Ai E o(A& 1 < i < n; i.e., 
MT, ,..., Tn)l = f’WJ,-, uG’-n)l w-3 
In proving Theorem 2.1 we shall make use of the simple 
LEMMA 2.2. Let P(z, 5) b e a o p Zy nomial in two (complex) variables 
such that P(0, 0) = 0. Then there exist two complex-valued functions 
g(t), h(t) continuous in 0 < t < co such that g(0) = h(0) = 0, 
1 g(t)1 + 1 h(t)1 --f co as t + 00 and 
ew, WI = 0, o<t<m (2.3) 
Proof of Theorem 2. I. Let us say that an operator A has a singular 
sequence if there is a sequence of elements {xn} such that 1) x, /I = I 
and Ax, -+ 0 (it will be convenient for our purposes to allow the 
x, to be the same). This is equivalent to saying that either A has a 
nontrivial null space or its range is not closed. Let S, be the set of all 
bounded operators having singular sequences, and let S, be the set 
of bounded operators whose adjoints have singular sequences. 
Set S = S, n S, . 
Let B be the double cornmutant of the Tl ,..., T, , i.e., the set of 
those bounded operators on W which commute with any operator 
commuting with T, ,..., T, . It is easily checked that B is a com- 
mutative Banach algebra. Moreover, the spectrum of an operator 
E E B is the same whether one considers it an as operator on W or as 
an element of B. For if E-l exists as a bounded operator on Wand G 
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is any operator commuting with the Ti , then E-lG = E-IGE E-l = 
E-IEG E-l = GE-l, since E commutes with G. Hence E-l is in B. 
We say that (A, ,..., A,) is in the joint resolvent p(T, ,..., T,) of the 
Ti if there are operators Ci E B such that 
Otherwise it is in the joint spectrum a(T, ,..., T,). Clearly 
(4 ,-*-, A,) E o(T, ,..., T,) implies hi E u( Ti) for each i. For if some 
A, E p( T,), then we can take C, = ( Tk - &J-l and Ci = 0 for i # k 
in (2.4) showing that (A, ,..., A,) is in p(T, ,..., T,). In [3] it was shown 
that 
Thus it follows that p E u[P(T, ,..., Tn)] implies that TV. = P(h, ,..., A,) 
with hi E u( Ti), 1 < i < tt. To prove the converse, suppose that 
4 E u(T& 1 < i < n. If each of the operators A, - A, is in S, , let 
{xik} be singular sequences for them. Set 
ug = Xlk @ *** OX&, K = 1, 2,... . (2.6) 
I claim that (A, ,..., A,) E u( Tl ,..., T,). For 11 ux: 11 = I while for each i 
II(Ti - h) Ilk II = IX& - Ai) %ik II + 0 (2.7) 
as k -+ co. This shows that (2.4) cannot hold. Since (A, ,..., A,) E u 
(Tl ,..., T,), we see by (2.5) that P(X, ,..., A,) E u[P(T, ,..., T,J, 
Similarly, by taking adjoints we see that P(X, ,..., A,) E u[P(T, ,..., T,J] 
when all of the operators Ai - Xi are in S, . 
It remains to consider the case when not all of the Ai - Xi are in 
S, and not all are in S, . We shall show that there are scalars (pr ,..., pLn) 
such that 
P&l ,***, PJ = w, ,--*, hz) W-0 
and the number of operators among the Ti - pi which are in S is 
greater than the number of Ti - hi in S. This will give the desired 
result, since repeated applications will give (in a finite number of 
steps) scalars p1 , . . ., pn such that (2.8) holds and the operators Ti - pi 
are either all in S, or all in S, . 
To carry out the proof, assume that the Ti are so rearranged that 
A, - A1 E S, , A, - X, E S, and that neither of them is in S. Thus 
R(A, - A,) and R(A, - ‘\.J are closed, a(A, - h,) # 0, /?(A, - h,) = 0, 
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“(A, - h2) = 0, /I(/& - A,) # 0 (for definitions see [4].) Now by 
Lemma 2.2, there are functions g(t), h(t) continuous in 0 < t < co 
such that 
g(O) = 4 9 40) = 4 , I &)I + I w - 00 as i+cc 
and 
P(&), h(t), 4 ,***, &I) = w, , &2 ,**-, hz). (2.9) 
Since the sets a(&) are bounded, and the @+ and @- sets are open 
(cf. [4J), there is a number t, , 0 < t, < co, such that 
R[A, -g(t)], R[A, - h(t)] are closed (2.10) 
44 - &)I > 0, w, - &)I < CQ (2.11) 
4% - WI < 00, BP4 - WI > 0 (2.12) 
hold for 0 < t < t, , while not all of these statements hold for t = t, . 
This implies that either A, - g(t,,) or A, - h(t,) is in S. For otherwise 
(2.10) holds for t = t, and 
This would imply that (2.11) and (2.12) hold for t = t, , contrary to 
the way t, was chosen. Set ~1~ = g(t,,), tag = h(t,), pa = Xi ,3 < i < n. 
Since either A, - pr or A, - p.2 is in S, we see that there are more 
operators in S among the Ai - pi than among the Ai - hi . This 
completes the proof. 
It remains now to give the 
Proof of Lemma 2.2. We may assume that P(z, <) is irreducible. 
Write it in the form 
P(z, 5) = c,(z) 5” + -** + co(z). (2.13) 
If ~~(0) = 0 for each k, then P(0, t) = 0 for all t. We can then take 
g(t) = 0, h(t) = t. Otherwise there is a k > 0 such that ~(0) = 0 
for 0 <j < K, while ~~(0) # 0. By Weierstrass’s theorem there is a 
function u(t) continuous in a neighborhood of 0 such that 
w, u(t)) = 0, O<t<a>O. 
We can take a so small that it is not a singular point of P. Let o(t) be a 
SPECTRA OF OPERATORS ON TENSOR PRODUCTS 99 
smooth path extending to infinity which avoids the singular points 
of P and depends on a parameter t, a < t < co, with ~(a) = a. 
Then there is a single valued functionf(x) analytic in a neighborhood 
of this path such that f(u) = ~(a) and 
fY%fG+) = cl 
in this neighborhood. If we now take 
g(t) = t, 4) = u(t), O<t<a 
g(t) = w, 44 = fW1, a<t<co, 
we obtain the desired functions. 
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